arXiv:hep-th/0408097 v2 12 Aug 2004

Non-Hermitian Quantum Theory and its Holomorphic Representation: Introduction and Applications

Frieder Kleefeld^∗)

Centro de Física das Interacções Fundamentais (CFIF), Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa, Portugal

Received XXX

This article contains a short summary of an oral presentation in the 2nd International Workshop on “Pseudo-Hermitian Hamiltonians in Quantum Physics” (14.-16.6.2004, Villa Lanna, Prague, Czech Republic). The purpose of the presentation has been to introduce a non-Hermitian generalization of pseudo-Hermitian Quantum Theory (QT) allowing to reconcile the orthogonal concepts of causality, Poincaré invariance, analyticity, and locality. We conclude by considering interesting applications like non-Hermitian supersymmetry.

PACS: 03.65.-w,03.65.Ge,11.10.Cd,11.30.-j,11.30.Pb Key words: analyticity, biorthogonal basis, causality, holomorphic representation, indefinite metric, non-Hermitian supersymmetry, PT-symmetry, time-reversal

1 Introduction

This short overview wants to outline just some main issues which made part of our comprehensive oral presentation on June 15, 2004. A detailed survey of the presented material can be found in Ref. [1] containing a lot of relevant references. During the presentation we tried to propose a formalism called Non-Hermitian Quantum Theory (NHQT) or (Anti)Causal Quantum Theory (A)CQT (See e.g. Refs. [1, 2, 3, 4, 5]!) allowing to quantize consistently systems decribed by non- Hermitian Hamilton operators and to reconcile the seemingly orthogonal concepts of causality, Poincaré invariance, analyticity, locality. Also we identified the holomorphic representation of complex analysis as the spacial representation of NHQT.

2 Hermitian and Pseudo-Hermitian Quantum Theory

One axiom of Quantum Mechanis (QM), as we find it presently in text books, states that observables are represented by Hermitian operators A, with functions of observables being represented by the corresponding functions of the operators. The Hermiticity imposed hereby on operators A respresenting observables is guided by the belief that expectation values ⟨A⟩ in physically acceptable theories admitting a probability interpretation should be real-valued, while probabilities are understood to be real-valued positive numbers in the interval from zero to one. Historically it appeared as a surprise that in the so-called (normal) “Lee-model” proposed 1954 [7] in a certain range of the coupling parameter space the Hermitian renormalized Hamilton operator was corresponding to an explicitly non-Hermitian non-

∗) E-mail: kleefeld@cfif.ist.utl.pt , URL: http://cfif.ist.utl.pt/∼kleefeld/

Czechoslovak Journal of Physics, Vol. 54 (2004), No. ? A 1

renormalized Hamilton operator, which seemed to be conflicting with the above mentioned axioms of QM. Puzzled by his observation T.D. Lee suggested [7] that the non-Hermitian non-renormalized Hamilton operator and the Hermitian renormalized Hamilton operator might be related by a non-unitary similarity transform. In June, 1955, W. Pauli [6] in collaboration with G. Källén [8] came to the conclusion [6] that the Lee-model — in the particular range of the coupling parameter space — “. . . leads to a contradiction with the concept of physical probability (indefinite metric of the Hilbert space) . . . connected with the appearance of new discrete stationary states whose contribution to the conserved sum of ‘probabilities’ is negative (‘ghosts’) . . .”. Discovering a metric operator η [9] of indefinite metric [10, 11, 12] in the Lee-model they realized that the Hamilton operator H of the Lee-model is actually pseudo-Hermitian [13, 14, 10] (H = η^{−1}H^+η) admitting negative probabilities as already considered by P.A.M. Dirac in 1941 [15] (See also [9, 16]!) and also biorthogonal eigenstates (“complex ghosts” [12]) of zero traditional norm with complex-valued pairs of mutually complex-conjugate energy eigenvalues. After W. Heisenberg’s conjecture [17] “. . . that the existence of a unitary S-matrix for physical states will be sufficient to guarantee the usual quantum-mechanical probability interpretation . . .”, W. Pauli [14] and W. Heisenberg [18] (See also Ref. [19]!) were the first to understand the conditions under which the S-matrix for pseudo-unitary [14, 10] systems will admit a probability interpretation even for QTs containing simultaneously (complex) ghosts and eigenstates with strictly real energy eigenvalues. Unfortunately — as we will argue below — a QT allowing the interaction of states with real and complex energy violates causality, Poincaré invariance, analyticity and locality. We will illustrate, how these deficiencies of Hermitian QT can be fortunately removed in (A)CQT, yet at the price of introducing a complex probability concept allowing ⟨⟨ψ| ψ⟩_η ≡ ⟨ψ| η ψ⟩ to be complex, and hence also η ≠ η^+, leading necessarily beyond the suggestion made in Section 3 of Ref. [20]^1).

3 (Anti)Causal Quantum Theory

3.1 The (Anti)Causal Harmonic Oscillator

The simplest relativistic field-theoretic extension of pseudo-Hermitian QT is a noninteracting Quantum Theory of a causal Klein-Gordon (KG) field ϕ(x) with complex mass M := m−^i_2 Γ and the anti-causal KG field ϕ^+(x) with complex-conjugate mass M^∗, or the respective non-interacting Quantum Theory of a causal Dirac field

1) Since ≃ 1980 there has received the class of pseudo-Hermitian (mostly non-Hermitian) Hamilton operators with PT-symmetry particular attention due to their still surprising, yet nearly forgotten feature of admitting some real spectrum and a probability interpretation (See e.g. [21, 22, 23, 24]!). A review provided in 2001 by M. Znojil as a preprint math-ph/0104012 (unfortunately published very delayed in 2004 [23]) containing a lot of important references to related work showed that the new research field had again, yet independently reached a similar level of understanding as the disciples of the Lee-model around 1970. In Ref. [23] one does not only find discussed the concept of pseudo-Hermiticity, pseudo-unitarity and indefinite metric (i.e. P ). It is also explained under the headline Spontaneous Broken PT Symmetry the situation, when the Hamilton operator develops complex ghosts. Some important new contributions to the field are mentioned in Ref. [1].

ψ(x) with complex mass M and the anti-causal Dirac field ψ^c(x) with complex mass M̄ = γ_0M +γ_0 2). The Lagrangeans for neutral (anti)causal KG and Dirac fields, which lead to the causal and anticausal KG equations ( ∂^2 + M^2) ϕ(x) = 0 and ( ∂^2 +M^{∗ 2}) ϕ^+(x) = 0, and to the (anti)causal Dirac equations (i ̸∂ − M ) ψ(x) = 0,

(i ̸∂ − M̄ ) ψ^c(x) = 0, ψ^c(x) (− i^←∂/ − M ) = 0 and ψ̄(x) (− i^←∂/ − M̄ ) = 0, are [1]: L(x) = 1 2 ( (∂ ϕ(x))^2 − M^2 (ϕ(x))^2 ) + 1 2 ( (∂ ϕ^+(x))^2 − M^{∗ 2} (ϕ^+(x))^2 ) , L(x) = 1 2 ( ψ^c(x) ( 1 2 i^↔∂/ −M ) ψ(x) + ψ̄(x) ( 1 2 i^↔∂/ −M̄ ) ψ^c(x) ) . (1)

We want to mention without going into the details addressed e.g. in Ref. [1] that the formulation of complex mass Dirac theory requires a generalized spinor concept relying on generalized Lorentz-boosts for (Fermionic and Bosonic) systems with complex mass. As discussed in Ref. [1] standard real-equal-time canonical quantization leads after Legendre transform to the following KG/Dirac (±) diagonal Hamilton operator H =

∫_d3_p

(2π)^3 2 ω (⃗p ) ω (⃗p ) 2 [c^+(⃗p ), a(⃗p )]_±+

∫_d3_p

(2π)^3 2 ω^∗(⃗p ) ω^∗(⃗p ) 2 [a^+(⃗p ), c (⃗p )]_± in combination with the non-vanishing (anti)commutation relations [ a (⃗p ), c^+(⃗p^′) ]_∓ = (2π)^3 2 ω (⃗p ) δ^3(⃗p − ⃗p^′ ) and [ c (⃗p ), a^+(⃗p^′) ]_∓ = (2π)^3 2 ω^∗(⃗p ) δ^3(⃗p − ⃗p^′ ). The system is studied much easier as a 1-dimensional quantum-mechanical (anti)causal Harmonic Oscillator described by the Hamilton Operator [1] H = H_C + H_A = ω 2 [c^+, a ]_± +^{ω∗}_2 [a^+, c ]_± (± for Bosons/Fermions^3)). For this pseudo-Hermitian Harmonic Oscillator the underlying causal and anticausal Hamilton operators H_C and H_A are related by H_A = H^+_C , yielding the Hermiticity relation H = H^+. That this relation is actually not reflecting Hermiticity, but pseudo-Hermiticity can be seen from the underlying (anti)commuation relations, which contain an indefinite metric: ( [c, c^+]_∓ [c, a^+]_∓ [a, c^+]_∓ [a, a^+]_∓ ) = ( 0 1 1 0 ) = “indefinite metric” , ( [c, c]_∓ [c, a]_∓ [a, c]_∓ [a, a]_∓ ) = ( [c^+, c^+]_∓ [c^+, a^+]_∓ [a^+, c^+]_∓ [a^+, a^+]_∓ ) = ( 0 0 0 0 ) . (2)

That the causal time-development of a system in a space-time characterized by the indefinite Minkowski-metric (+,−,−,−) is described by (anti)commutation relations containing also an indefinite metric should not surprise! Obviously there holds also [H_C, H_A] = 0. The Hamilton operator is diagonalized by the (normalized) normal right eigenstates |n, m⟩ = (c^+)^n(a^+)^m |0⟩ / √ n! m! and left eigenstates ⟨⟨ n, m| = ⟨⟨ 0| c^m a^n/ √ m! n! (Bosons: n, m ∈ IN_0 ; Fermions: n, m ∈ {0, 1}) being

2) The (Anti)Causal KG theory, the Lagrangean of which was for the first time denoted 1959 by M. Froissart [25], was studied in 1970 by T.D. Lee & G.C. Wick [26] in the context of vector fields and received a more thorough investigation by N. Nakanishi [27, 12] under the name “Complex- Ghost Relativistic Field Theory”, while the formalism was 1999-2000 independently rederived by the author (See e.g. Refs. [3, 4]). The (Anti)Causal Dirac theory was for the first time considered in 1970 by Lee & Wick [26] and later independently rederived by the author (See e.g. Refs. [3, 5]!).

3) The Fermionic case we tend to denote by H =^1_2 ω[d^+ , b] +^1_2 ω^∗[b^+, d] with { b, d^+ } = 1 etc. .

solutions of the equations (H − E_{n,m}) |n, m⟩ = 0 and ⟨⟨n, m|(H − E_{n,m}) = 0

for the eigenvalues E_{n,m} = ω(n ±^1_2 ) + ω^∗(m ±^1_2 ). The eigenvalues E_{n,n} are

obviously real, while the eigenvalues E_{m,n} and E_{n,m} form a complex conjugate

pair of “complex ghosts” for n ≠ m which arises typically for the case of broken

“PT”-symmetry. The (bi)orthogonal eigenstates are complete, i.e. ⟨⟨n^′, m^′| n, m⟩ =

δ_n′_n δ_m′_m, ∑ n,m |n, m⟩ ⟨⟨n, m| = 1.

3.2 (Anti)Causal Schrödinger Theory and the Complex Probability Concept

According to Ref. [1] there are as much as eight time-dependent Schrödinger-like

equations describing the time evolution of states in (A)CQT, i.e. four causal equa-

tions ( i ∂_t − H )| ψ(t) ⟩ = 0, ( i ∂_t + H )|~ ψ(t) ⟩ = 0, ⟨⟨~ ψ(t) | |( − i^←∂_t −^←H ) = 0, ⟨⟨ ψ(t) | |( − i^←∂_t +^←H ) = 0, and four anticausal equations ⟨ψ(t) | |( − i^←∂_t − H+) = 0, ⟨~ ψ(t) | |( − i^←∂_t + H+) = 0, (i ∂_t − (^←H)+) | |ψ̃(t)⟩⟩ = 0, (i ∂_t + (^←H)+) | |ψ(t)⟩⟩ = 0. The four causal equations are related to corresponding four anticausal equations

by Hermitian conjugation. From the four causal equations we can derive the con-

tinuity equations ∂_t ⟨⟨~ ψ(t) | ψ(t) ⟩ = − i ⟨⟨~ ψ(t) |( H −^←H )| ψ(t) ⟩ and ∂_t ⟨⟨ ψ(t) |~ ψ(t) ⟩ = + i ⟨⟨ ψ(t) | |(H −^←H ) | |ψ̃(t)⟩ 4). The right hand side of these equations leads for stan-

dard — even non-Hermitian — Hamilton operators being quadratic in the mo-

mentum at most to (spacial) surface terms! The corresponding non-vanishing —

in general complex — densitities ⟨⟨~ ψ(t) | |ψ(t)⟩ and ⟨⟨ψ(t) | |ψ̃(t)⟩ being in the stan-

dard way related to — in general complex — conserved charges may be interpreted

as complex probability densities [28] which replace Born’s [29] suggested ansatz ⟨ ψ(t) | |ψ(t)⟩ for a real probability density.

3.3 The (Anti)Causal Schrödinger Theory in Holomorphic Representation

As in the traditional formulation of QM it is now natural to look for a spacial

representation of the “representation free” Harmonic Oscillator introduced above.

The particular complication induced by the existence of two types of annihilation

operators (a, c) and creation operators (c^+, a^+) indicating a doubling of the degrees

of freedom compared to the traditional Harmonic Oscillator is overcome by replac-

ing the originally real spacial variable x by a complex variable z and its complex

conjugate z^{∗ 5}). This replacement of functions of one real argument f(x) (x ∈ IR)

by respective functions f(z, z^∗) of complex arguments z, z^∗ ∈ C is well known and

used in complex analysis [30] under the terminology “holomorphic representation”

(e.g. Ref. [31]). Replacing the right and left eigenstates | |x⟩ and ⟨x | | of the position

operator by respective states in holomorphic representation | |z, z^∗⟩ and ⟨⟨z, z^∗ | |, we

can — analogously to traditional QM — denote e.g. the four causal Schrödinger

4) The respective anticausal continuity equations are obtained by Hermitian conjugation.

5) M. Znojil [23] achieves a complexification of a real coordinate x by an overall shift x → x − iδ.

equations in their holomorphic representation by: + i ∂_t ⟨⟨ z, z^∗ | |ψ(t)⟩ = ∫ dz^′dz^{′∗} ⟨⟨ z, z^∗ | |H | |z^′, z^{′∗}⟩⟨⟨z^′, z^{′∗} | |ψ(t)⟩ , −i ∂_t ⟨⟨ z, z^∗ | |ψ̃(t)⟩ = ∫ dz^′dz^{′∗} ⟨⟨ z, z^∗ | |H | |z^′, z^{′∗}⟩⟨⟨z^′, z^{′∗} | |ψ̃(t)⟩ , −i ∂_t ⟨⟨~ ψ(t) | z, z^∗ ⟩ = ∫ dz^′dz^{′∗} ⟨⟨~ ψ(t) | z^′, z^{′∗} ⟩⟨⟨ z^′, z^{′∗} | ← H | z, z^∗ ⟩ , +i ∂_t ⟨⟨ ψ(t) | |z, z^∗⟩ = ∫ dz^′dz^{′∗} ⟨⟨ ψ(t) | |z^′, z^{′∗}⟩⟨⟨z^′, z^{′∗} | |^←H | |z, z^∗⟩ . (3) The spacial integration contours ∫ dz^′ dz^{′∗} are to be performed such that there

holds the generalized completeness relation ∫ dz dz^∗ | |z, z^∗⟩⟨⟨z, z^∗ | | = 1. Inversely,

by the used notation it is understood that there holds a generalized orthogonal-

ity relation ⟨⟨ z, z^∗ | |z^′, z^{′∗}⟩ = δ(z − z^′) δ(z^∗ − z^{′∗}), in which the δ-distributions for

complex arguments are assumed to exist with respect to the chosen integration

contours mentioned above. The holomorphic representation of the (Anti)Causal

Bosonic Harmonic Oscillator of Section 3.1 is provided by a translational invariant

Hamilton operator ⟨⟨ z, z^∗ | |H | |z^′, z^{′∗}⟩ = H(z, z^∗) ⟨⟨z, z^∗ | |z^′, z^{′∗}⟩ given by H(z, z^∗) =

−^1_{2 M}^{d2}_{dz2} +^1_2 M ω^2 z^2 −^1_{2 M ∗}^{d2}_{dz∗2} +^1_2 M^∗ ω^{∗2} z^{∗2}. Obviously there holds the

following correspondence between annihilation/creation operators in the repre-

sentation free case and in the holomorphic representation (with p = −i d/dz, p^∗ = −i d/dz^∗): c^+ ↔ (p + i M ω z) / √ 2 M ω, a ↔ (p − i M ω z) / √ 2 M ω, c ↔ (p^∗ − i M^∗ ω^∗ z^∗) / √ 2 M^∗ ω^∗, a^+ ↔ (p^∗ + i M^∗ ω^∗ z^∗) / √ 2 M^∗ ω^∗.

By this correspondence it is possible to construct the normal eigensolutions

of the stationary Schrödinger equation H(z, z^∗) ⟨⟨ z, z^∗ | |n, m⟩ = E_{n,m} ⟨⟨z, z^∗ | |n, m⟩ as ⟨⟨ z, z^∗ | |n, m⟩ = i^{n+m} √ |M ω|/(2^{n+m} n! m! π) exp ( −^1_2 (ξ^2 + ξ^{∗ 2}) ) H_n(ξ) H_m(ξ^∗)

with ξ = z √ M ω. The inverse oscillator length √ M ω is here complex valued.

H_n(ξ) and H_m(ξ^∗) are Hermite polynomials with complex arguments^6)^7).

3.4 Reconciling Causality, Poincaré Invariance, Analyticity, Locality in NHQT

While conceptions like causality and Poincaré invariance are fundamental princi-

ples of physics, which should not be given up without need in theories describing

nature, the features of analyticity and locality seem to be required merely for cal-

culatory convenience. Fortunately we observe that a restoration of causality within

a Poincaré invariant QT goes hand in hand with a restoration of analyticity and

locality. One mandatory argument discussed in Ref. [1] to extend Hermitian QT to

NHQT has been the incompatibility of causality with the traditional anti-particle

6) Note that (anti)causal orthonormality relations ∫_{dξ exp(−ξ2 ) Hn (ξ) Hm(ξ) = 2nn!√π δnm} and ∫_{dξ∗ exp(−ξ∗2) Hn(ξ∗) Hm(ξ∗) = 2nn!√π δnm are quite different from the ones of Glauber}

coherent states [32, 31]: ∫_{dξ dξ∗ exp(−|ξ|2) ψ∗n(ξ) ψm (ξ∗)/(2πi) = δnm with ψn (ξ) = ξn/}√_{n!.} 7) Within the holomorphic representation it is easy to understand that there exist two distinct

time-reversal operations T and T discussed in Ref. [1], the former being just the anti-unitary

Hermitian conjugation, the latter interchanging initial and final states.

concept. We will illustrate here only the point that all fields (or states) — including the ones serving as asymptotic states — in an interacting theory should be considered as fields with complex-valued mass (i.e. like (anti)Gamow states) and should follow a postulate specified below to allow simultaneously causality, Poincaré invariance, analyticity, and locality. Let’s decompose e.g. the Lorentz invariant (non- Hermitian) causal and anticausal KG fields into their Hermitian (“shadow” [1]) components ϕ_{(1)}(x) and ϕ_{(2)}(x), i.e. ϕ(x) = (ϕ_{(1)}(x) + i ϕ_{(2)}(x))/ √ 2, ϕ^+(x) = (ϕ_{(1)}(x) − i ϕ_{(2)}(x))/ √ 2. Then the first Lagrangean in Eq. (1) can be rewritten as L(x) =^1_2 ( (∂ϕ_{(1)}(x))^2 − Re[M^2](ϕ_{(1)}(x))^2 ) −^1_2 ( (∂ϕ_{(2)}(x))^2 − Re[M^2](ϕ_{(2)}(x))^2 ) + Im[M^2] ϕ_{(1)}(x) ϕ_{(2)}(x). We observe that one shadow field has positive norm, the other has negative norm displaying the underlying indefinite metric. Secondly we recall that shadow fields are not described by causal or anticausal propagators, but by acausal linear combinations which reduce for quasi-real masses to principal value propagators or δ-distributions. Finally we see that the Lagrangean is not diagonal in the shadow fields, while the interaction term is proportional to the imaginary part of M^2. If one would remove the interaction term, one would introduce interactions between causal and anticausal fields (e.g. ϕ(x) ϕ^+(x) in the KG theory, or zz^∗ in the holomorphic representation of the Bosonic Harmonic Oscillator) leading not only to a loss of analyticity, yet also to a loss of causality due to interactions between causal and anticausal states. To obtain an acceptable S-matrix for his Complex-Ghost Relativistic Field Theory containing interactions between causal and anticausal KG fields N. Nakanishi was forced to introduce Lorentz non-invariant functions to regulate integrals. Hence he observed for this case also a loss of Lorentz invariance [33, 27] (See also [34, 12, 35]!). Yet there is a simple way to cure the lack of Lorentz invariance, analyticity, causality and locality: it is our POSTULATE (also for e.g. (anti)causal Dirac theory) that there should be no interaction terms between causal fields (e.g. ϕ(x)) and anticausal fields (e.g. ϕ^+(x)) in the Lagrange density^8)!

4 Applications

4.1 The “Shifted” (Anti)Causal Harmonic Oscillator

In 1997 C.M. Bender & S. Boettcher [22] (See also M. Znojil [36, 23]!) used the non- Hermitian Hamilton operator H = p^2+x^2 +i x = p^2 +(x+i/2)^2 +1/4 obtained from a Harmonic Oscillator shifted to a complex space point x = −i/2 as an example to show that its spectrum E_n = (2 n + 1) + 1/4 = 2 n + 5/4 can be indeed real due to the underlying “PT-symmetry”. We shall study here this shift in the holomorphic representation, in which the unshifted oscillator is described by the Hamilton operator H(z, z^∗) = −^{p2}_{2 M} +^1_2 M ω^2 z^2 −^{p∗ 2}_{2 M ∗} +^1_2 M^∗ ω^{∗2} z^{∗2}. Without changing its spectrum the Hamilton operator is shifted from (z, z^∗) to (z + α, z^∗ + β^∗) by a stan-

8) Even asymptotic states have to be treated like complex ghosts with complex-valued mass containing an infinitesimal imaginary part, which is quite consistent with all the features of inand out-states in a non-stationary description of standard Hermitian QT. Note that asymptotic states of strictly real mass (or energy) would be a superposition of causal and anticausal states, which would typically couple to intermediate states such that they violate our postulate!

dard equivalence transform H(z + α, z^∗ + β^∗) = U_{z,z}∗ (α, β^∗) H(z, z^∗) U^{−1}_{z,z}∗ (α, β^∗) with U_{z,z}∗ (α, β^∗) = exp ( i (α p + β^∗ p^∗) ) and U^{−1}_{z,z}∗ (α, β^∗) ≡ U_{z,z}∗ (−α, −β^∗). The “shifted” Hamilton operator H(z + α, z^∗ + β^∗) = H(z, z^∗) + M ω^2 α ( z +^α_2 ) + M^∗ ω^{∗ 2} β^∗ ( z^∗ +^{β∗}_2 ) will be P T -symmetric (i.e. H(z + α, z^∗ + β^∗)^{P T} = H(z + α, z^∗ + β^∗)) for α = −β ⇔ α^∗ = −β^∗. It will be Hermitian/T -symmetric (i.e. H(z + α, z^∗ + β^∗)^T = H(z + α, z^∗ + β^∗)) for α = β ⇔ α^∗ = β^∗. Bender’s example “H = p^2 + x^2 + i x ” is essentially obtained by H(z + i γ, z^∗ + i γ^∗) with γ = +1/2. For ω ≠ ω^∗ — even being strictly P T -symmetric — only some part of its spectrum E_{n,m} = ω (n +^1_2 ) + ω^∗(m +^1_2 ) with n, m ∈ IN_0 is real, namely if n = m.

4.2 Non-Hermitian Supersymmetry

Non-Hermitian supersymmetric Hamilton operators with PT-symmetry have been investigated already for quite some time (See e.g. Ref. [37]!). We want here to go one step further and consider the non-PT-symmetric Hamilton operator of an (Anti)Causal Supersymmetric Harmonic Oscillator, being the sum of a causal Bosonic and Fermionic Harmonic Oscillator with equal complex frequency ω_C , and an anticausal Bosonic and Fermionic Harmonic Oscillator with equal complex frequency ω_A, i.e. H =^1_2 ω_C {c^+, a } +^1_2 ω_C [ d^+, b ] +^1_2 ω^∗_A {a^+, c } +^1_2 ω^∗_A [ b^+, d ] = ω_C (c^+a + d^+b) + ω^∗_A (a^+c + b^+d) = ω_C {Q_+, Q_−} + ω^∗_A {Q^+_−, Q^+}. Here we introduced supercharges Q_+ = a d^+, Q^+ = d a^+, Q_− = c^+b, Q^+_− = b^+c, which are as usual nilpotent (Q^2_± = (Q^+_±)^2 = 0), but not related by Hermitian conjugation, as (Q_±)^+ ≠ Q_∓. As usual in supersymmetric systems the positive and negative contributions to the Bosonic and Fermionic vacuum energy cancel. The Hamilton operator is easily diagonalized by the normal right eigenstates | n_B , n_F ; n̄_B, n̄_F ⟩ = (c^+)^{nB} (d^+)^{nF} (a^+)^{n̄B} (b^+)^{n̄F} | |0⟩/√n_B! n̄_B! or left eigenstates ⟨⟨n_B, n_F ; n̄_B, n̄_F | | = ⟨⟨ 0 | |d^{n̄}F c^{n̄}B b^nF a^nB /√n_B! n̄_B! yielding the (complex) eigenenergies E_{nB,nF ;n̄B ,n̄F} = ω_C (n_B + n_F ) + ω^∗_A(n̄_B + n̄_F ) (with n_B , n̄_B ∈ IN_0 and n_F , n̄_F ∈ {0, 1})^9).

4.3 Towards a Theory of Strong Interactions without Gluons

Mysteriously, the Quark-Level Linear Sigma Model [38] (QLLσM) has been a rather successful theory to describe various experimental facts involving hadronic physics at low and intermediate energies (See e.g. [39] and references therein!). Guided by this observation we “mapped” [3] in 2002 by a simplistic argument the Lagrangean of QCD into a Lagrangean of a QLLσM which is supposed to describe quarkquark scattering equally well at high energies. The unexpected result has been a non-Hermitian QLLσM Lagrangean, which is asymptotically free due to a purely imaginary Yukawa coupling g between scalar mesons and quarks, the PT-symmetry of which suggests in correspondence to C.M. Bender’s “physical” i ϕ^3-theory [22, 40] a real spectrum of the respective Hamilton operator^{10})!

9) Application of supercharges interrelates as usual distinct eigenstates of the Hamilton operator belonging to equal eigenvalues. P T -symmetry is restored by setting ω ≡ ω_C = ω_A. 10) By exact cancellation of quadratic divergencies in selfenergies of (pseudo)scalar mesons one can establish a relation between the quartic coupling λ of the QLLσM and the Yukawa coupling g

This work has been supported by the Fundação para a Ciência e a Tecnologia (FCT) of the Ministério da Ciência e da Tecnologia (e do Ensinio Superior) of Portugal, under Grants no. PRAXIS XXI/BPD/20186/99, SFRH/BDP/9480/2002, and POCTI/FNU/49555/2002.

References

[1] F. Kleefeld: hep-th/0408028.

[2] F. Kleefeld: hep-th/0312027; F. Kleefeld: Proc. of Inst. of Mathematics of NAS of Ukraine, 50, Part 3 (2004) 1367 [hep-th/0310204].

[3] F. Kleefeld: AIP Conf. Proc. 660 (2003) 325; Few-Body Syst. Suppl. 15(2003) 201. [4] F. Kleefeld, E. van Beveren, G. Rupp: Nucl. Phys. A 694 (2001) 470. [5] F. Kleefeld: Acta Phys. Polon. B 30 (1999) 981; F. Kleefeld: Consistent effective description of nucleonic resonances in an unitary relativistic field-theoretic way, in Proc. XIV ISHEPP 98 (17-22 August, 1998, Dubna), Eds. A.M. Baldin, V.V. Burov, JINR, Dubna, 2000, Part 1, 69-77 [nucl-th/9811032]; F. Kleefeld: Doctoral Thesis (University of Erlangen-Nürnberg, Germany, 1999).

[6] W. Pauli: Nuovo Cim. Suppl. 4 (1956) 70 (= Proc. of “Int. Conf. on Elementary Particles” and “XLI National Congress of Physics”, Pisa, 12-18.6.1955).

[7] T.D. Lee: Phys. Rev. 95 (1954) 1329.

[8] G. Källén, W. Pauli: Kong. Dan. Vid. Sel. Mat. Fys. Med. 30 (1955) 407. [9] W. Pauli: Rev. Mod. Phys. 15 (1943) 175 (Also: Rev. Mod. Phys. 13 (1941) 203). [10] L.K. Pandit: Nuovo Cim. 11 (1959) 157.

[11] K.L. Nagy: Nuovo Cim. Suppl. 17 (1960) 92; K.L. Nagy: State Vector Spaces with Indefinite Metric in Quantum Field Theory, Akadémiai Kiadó, Budapest 1966 (Russian translation by “Mir”, Moscow, 1966); W. Heisenberg: Indefinite Metric in State Space, p. 129 ff in Aspects of Quantum Theory (dedicated to P.A.M. Dirac), Eds. A. Salam, E.P. Wigner, © 1972 by Cambridge University Press, ISBN 0 521 08600 0.

[12] N. Nakanishi: Prog. Theor. Phys. Suppl. 51 (1972) 1.

[13] W. Heisenberg: Einführung in die Theorie der Elementarteilchen, lecture given at University of Munich in 1961, lecture notes prepared by H. Rechenberg, K. Lagally (ICTP Trieste library number 539.12 H473); K.L. Nagy: Nuovo Cim. 17 (1960) 385.

[14] W. Pauli: The indefinite metric with complex roots, p. 127 in Proc. of the 1958 Annual Int. Conf. on High Energy Physics at CERN, Geneva, 30.6-5.7.1958, Ed. B. Ferretti, © 1958 by CERN.

[15] P.A.M. Dirac: Proc. Roy. Soc. Lond. A 180 (1942) 1. [16] W. Mückenheim et al.: Phys. Rep. 133 (1986) 337. [17] H.P. Dürr, E. Rudolph: Nuovo Cim. A 62 (1969) 411.

of the form g^2 ∝ λ + O(λ^2). To one loop (i.e. by skipping O(λ^2)) one can deduce that a imaginary Yukawa coupling g should be accompanied by a negative quartic coupling λ. This explains partially the intimate relation between C.M. Bender’s [22, 41] “physical” i ϕ^3-theory and K. Symanzik’s & C.M. Bender’s [41, 22] “physical” −ϕ^4 -theory. Moreover suggests the (non-perturbative) two-loop relation between g and λ that at least one of these couplings has to be complex-valued for λ finite.

8 A Czech. J. Phys. 54 (2004)

[18] W. Heisenberg: Nucl. Phys. 4 (1957) 532.

[19] R. Ascoli, E. Minardi: Nuovo Cim. 8 (1958) 951; T.D. Lee, G.C. Wick: Nucl. Phys.

B 10 (1969) 1; Nucl. Phys. B 9 (1969) 209; T.D. Lee: Relativistic complex pole model with indefinite metric, p. 260 in “quanta”, Eds. P.G.O. Freund et al., © 1970 by The Univ. of Chicago; H.P. Dürr, E. Seiler: Nuovo Cim. A 66 (1970) 734; B. Ferretti: Nuovo Cim. 12 (1959) 393; P. Broadbridge: J. Phys. A 16 (1983) 3271; M. Demuth: Math. Nachr. 102 (1981) 107.

[20] M. Znojil: hep-th/0408081.

[21] Proc. 1st Int. Workshop on Pseudo-Hermitian Hamiltonians in Quantum Physics, 16.-17.6.2003, Villa Lanna, Prague, Czech Republic, Czech. J. Phys. 54 (2004) 1-156.

[22] C.M. Bender, S. Boettcher: Phys. Rev. Lett. 80 (1998) 5243 [physics/9712001]. [23] M. Znojil: Rend.Circ.Mat.Palermo, Ser. II, Suppl. 72 (2004) 211 [math-ph/0104012]. [24] M. Znojil: Czech. J. Phys. 54 (2004) 151 [quant-ph/0309100]. [25] M. Froissart: Nuovo Cim. Suppl. 14 (1959) 197. [26] T.D. Lee, G.C. Wick: Phys. Rev. D 2 (1970) 1033. [27] N. Nakanishi: Phys. Rev. D 5 (1972) 1968.

[28] T. Berggren: Phys. Lett. B 33 (1970) 547; Nucl. Phys. A 169 (1971) 353; Phys.

Lett. B 73 (1978) 389.

[29] A. Pais: Max Born and the statistical interpretation of Quantum Mechanics, KEK-library preprint 198301341.

[30] M.J. Ablowitz, A.S. Fokas: Complex Variables: Introduction and Applications (2nd edition); © 2003 by Cambridge University Press; ISBN 0 521 53429 1.

[31] L.D. Faddeev, A.A. Slavnov: Gauge Fields. Introduction To Quantum Theory, Front.

Phys. 83 (1990) 1; D. Chruściński: Open Sys. & Information Dyn. 9 (2002) 207. [32] R.J. Glauber: Phys. Rev. 131 (1963) 2766. [33] N. Nakanishi: Phys. Rev. D 3 (1971) 811. [34] T.D. Lee, G.C. Wick: Phys. Rev. D 3 (1971) 1046. [35] A.M. Gleeson et al.: Phys. Rev. D 4 (1971) 2242. [36] M. Znojil: Phys. Lett. A 259 (1999) 220 [quant-ph/9905020]. [37] M. Znojil: hep-th/0012002, 0209062; J. Phys. A 35 (2002) 2341 [hep-th/0201056];

M. Znojil et al.: Phys. Lett. B 483 (2000) 284; P. Dorey, C. Dunning, R. Tateo: J. Phys. A 34 (2001) L391 [hep-th/0104119]; A. Mostafazadeh: quant-ph/0404025; E. Caliceti, F. Cannata, M. Znojil, A. Ventura: math-ph/0406031.

[38] R. Delbourgo, M.D. Scadron: Mod. Phys. Lett. A 10 (1995) 251; Int. J. Mod. Phys.

A 13 (1998) 657.

[39] F. Kleefeld et al.: Phys. Rev. D 66 (2002) 034007; Mod. Phys. Lett. A 17 (2002) 1673; Nucl. Phys. A 724 (2003) 391; AIP Conf. Proc. 660 (2003) 311; Phys. Rev. D 69 (2004) 014010 [Erratum-ibid. D 69 (2004) 059901]; J. Meyer et al.: Phys. Lett. B 526 (2002) 79; H.J. Pirner: hep-ph/0209221.

[40] C.M. Bender, H.F. Jones: hep-th/0405113; C.M. Bender, D.C. Brody, H.F. Jones:

Phys. Rev. D 70 (2004) 025001 (See also hep-th/0402011!).

[41] C.M. Bender, K.A. Milton, V.M. Savage: Phys. Rev. D 62 (2000) 085001;

K. Symanzik: Lett. Nuovo Cim. 6 (1973) 77 (= Proc. Marseille Conf., 19.-23.6.1972, Ed. C.P. Korthals Altes) (See also G. ’t Hooft: hep-th/9812203!).